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Abstract
Ti1−x−yAlxZryN cubic alloys within the 25-70% Al composition range have high age-hardening capabilities due to metastable phase
transition pathways at high temperatures. They are thus ideal candidates for ultra-hard nano-coating materials. There is grow-
ing evidence that this effect is associated with the elasto-chemical field-induced phase separation into compositionally-segregated
nanocrystaline nitride phases. Here, we studied the microstructural evolution in this pseudo-ternary system within spinodal regions
at 1200 ○C by using an elasto-chemical phase field model. Our simulations indicate that elastic interactions between nitride nano-
domains greatly affect not only the morphology of the microstructure but also the local chemical phase equilibria. In Al-rich regions
of the composition space we further observe the onset of the transformation of AlN-rich phases into their equilibrium wurtzite crys-
tal structure. This work points to a wide palette of microstructures potentially accessible to these nitride systems and their tailoring
is likely to result in significant improvements in the performance of transition metal nitride-based coating materials.
Keywords: Transition Metal Nitrides; Spinodal Decomposition; Nanostructures; Phase Field Modeling
1. Introduction
Transition metal nitrides (TMNs) are generally characterized by having a unique set of properties—including very high hard-
ness [1], relatively high melting points [2], chemical inertness [3], oxidation resistance [4]—that make, many of them, suitable as
coatings capable of protecting structural or functional materials from wear-related damage under harsh environments [5]. Among
TMNs, Ti1−xAlxN coatings with cubic NaCl (B1) structure have emerged as one of the most widely used materials for protective
coatings for tooling [6] and other wear-resistance related applications [7]. Depending on their composition and operating conditions,
cubic Ti1−xAlxN solid solutions often undergo phase separation between c-TiN- and c-AlN-rich nanoscale domains via coherent
spinodal decomposition [8, 9], which significantly enhances their hardness and makes them ideal for machining applications [10].
These favourable properties are obtained for compositions that maintain the cubic symmetry. The nanostructures in phase-separated
Ti1−xAlxN coatings are metastable, however, and under high temperature conditions (above ∼900oC) prevalent during high-speed
machining [11], thermally activated diffusion processes lead to the coarsening of the microstructure, loss of coherency and the
ultimate transformation of the cubic c-AlN domains into their stable hexagonal wurtzite-type w-AlN form. This causes a dramatic
loss of performance [9], as this transformation is associated to a molar molar volume expansion of about 26 at.% [12]. This lattice
expansion tends to compromise the mechanical integrity of the coatings and negatively affects their performance.
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Nowadays, many applications demand coatings capable of withstanding increasingly harsh operating conditions. The need to
improve the performance of these coatings has lead to considerable efforts towards understanding the factors that control their mi-
crostructural evolution. Better understanding in these systems has produced a wide range of strategies to tailor their (nano)structrual
features and thus optimize their performance. It is now known, for example, that multi-component alloying via addition of Cr or Zr
in TMNs (Ti1−x−yAlxCryN and Ti1−x−yAlxZryN) changes the relative stability of the cubic and hexagonal phases and ultimately
results in significant performance improvements [13, 14]. Recently, Lind et al., showed theoretically that the cubic-to-wurtzite phase
transformation occurs at higher temperatures compared to TiAlN by addition of Cr [15]. Yang et al. [14] investigated the effect of
Zr additions on the structure and properties of TiAlN coatings and found that Zr resulted in an increased in hardness and improved
oxidation resistance. On the other hand, Yalamanchi et al. [16] proposed interface energy minimization by growth of semi-coherent
multilayer structures of TiN/ZrAlN that can offer both Koehler and coherency hardening mechanisms. Furthermore, recent stud-
ies report that the cutting performance of high-Al containing Zr-Al-N coatings is comparable to that of commercial grade Ti-Al-N
coatings [17].
As interest in the use of Zr as a modifier of TiAlN coatings has increased, a number of theoretical and experimental inves-
tigations have focused on the phase stability and phase-decomposition behavior of Zr-containing TMN. Holec et al. [18] investi-
gated theoretically—and verified experimentally— the phase stability of Zr1−xAlxN and Hf1−xAlxN alloys in comparison with the
Ti1−xAlxN system and found that Zr (and Hf) contributed to a widening in the miscibility gap between the stable cubic (Ti/Zr/Hf-rich)
and hexagonal (Al-rich) nitride phases. Significantly, this increases the chemical driving force for segregation in ZrAlN systems and
widens the region where chemical separation-driven nanostructuring may be exploited for improved performance. Wang et al. [19]
found, via ab initio calculations that the addition of Zr resulted in a transition in the Zener anisotropy, Az , of TixAl1−x−yZryN coat-
ings from Az > 1 to Az < 1, affecting the preferred crystallographic direction for the elasto-chemical spinodal decomposition in these
systems. Zhou et al. [20] investigated the thermodynamics of Ti–Al–Zr–N coatings within the CALPHAD (calculation of phase
diagrams) framework by combining (limited) experimental data with first-principles calculations. They modelled the system as a
pseudoternary and concluded that the system may undergo triple-spinodal decomposition. Their model constitutes a stepping stone
towards the quantitative prediction of microstructural evolution via phase-field modelling, for example.
As mentioned above, exploitation of the inherent tendency of (many) TMN systems to undergo phase separation and produce
nanostructured microstructures has resulted in a marked improvement in the performance of ultra-hard coatings [5, 6, 9, 10, 14, 19,
21, 22]. Exploration of the potential microstructural space by experiments alone is unrealistic and thus there has been an increased
interest in developing and deploying quantitative simulations of the microstructure evolution in these systems. Gro¨nhagen et al. [23]
used a CALPHAD approach to describe the thermodynamics of Ti1−xAlxN systems and combined it with a Cahn-Hilliard model
to describe the microstructure evolution in Ti–Al–N systems. Notably, they explicitly accounted for the presence of vacancies in
the metal sublattice and concluded—through verification with indirect experimental evidence—that vacancies greatly affect the
microstructural evolution in this system as their strong tendency to segregate to coherent AlN/TiN interfaces significantly enhances
the kinetics of the phase separation. More recently, Zhou et al. [24] investigated the effect of Cr on the (metastable) phase equilibria
and spinodal decomposition in c-TiAlN coatings. Similarly to Gro¨nhagen et al. [23], they coupled a CALPHAD model of the
pseudoternary c-Ti1−x−yAlxCryN system. Specifically, they investigated the phase separation behavior in the c-Ti0.45Al0.47Cr0.08N
system at 1000oC and found that in this composition the system is located inside a two-phase miscibility gap, with Cr dissolving into
TiN and AlN domains, although with a strong tendency for segregation at TiN/AlN interfaces.
While earlier works [23, 24] have demonstrated the use of CALPHAD-informed phase field models to investigate the phase
separation behavior in TMN systems, much remains to be done. Specifically, the significant difference between lattice parameters
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and elastic constants of different binary nitride systems means that elastic contributions to the microstructure evolution of (pseudo)
ternary TMNs should be accounted for. Moreover, the elastic anisotropy of the different TMNs is expected to contribute significantly
to the morphology of the microstructures undergoing phase separation.
In this paper, we focus on the evolution of the c-Ti1−x−yAlxZryN pseudoternary system over a wide range of compositions. The
generalized Cahn-Hilliard formulation [25] for chemical spinodal decomposition is extended to the elastochemical framework by
coupling to microelasticity theory. The linear microelasticity problem resulting from compatibility conditions and consideration
of the solution to the static (mechanical) equilibrium among microstructural constituents is employed to study the effect of elastic
contributions on the microstructural evolution, inter-particle distance, and morphological change as well as the tendency towards the
cubic-to-hexagonal transformation due to local strain fields. This paper is structured as follows: In section 2, the modeling strategy
is explained. The details of the utilized model parameters are provided in section 3. In Section 4, the resultant microstructures under
pure chemical and elastochemical simulations are discussed and compared. Furthermore, we investigate the onset of transformation
of the metastable cubic AlN to wurtzite structure in section 4.5 and present a summary on our findings and draw our conclusions in
section 5.
2. Theoretical Background
2.1. Kinetic Model
Here, we consider a pseudo-ternary alloy where its meso-scale structures are described by composition fields, cα(r⃗, t) defined at
space (r⃗) for a given time (t), whereα denotes the kind of species in this pseudo-ternary alloy. The thermodynamic energy functional
or driving force for microstructural evolution is taken to be a function of chemical interactions due to compositional fluctuations
and the local contractions/expansions associated with the composition dependence of elastic constants and lattice parameters. While
gradients in the chemical potential of the constituent components are responsible for uphill diffusion (i.e. phase separation) within the
spinodal region, strain energy resulting from local changes in lattice parameters usually suppresses or mitigates the phase-separating
trends. Elastic interactions, however, may have more complex effects on the final microstructure of the system due to elastic anisotropy
and the long-range elastic interactions between nanodomains.
To treat this system, we write the total free energy function, F tot for a multi-component (N ) inhomogeneous material as:
F tot (c,∇c, ε) = ∫
Ω
(f interface + f bulk + felastic)dΩ (1)
where interface energy, f interface, bulk energy, f bulk, and strain energy, felastic respectively are:
f interface = 1
2
N∑
α=1
N∑
β=1 [καδαβ + (1 − δαβ)Lαβ]∇cα∇cβ (2)
f bulk = fhomogeneous(c1, c2, ..., cN) (3)
felas = 1
2
σijε
el
ij (4)
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where f interface corresponds to the energy associated with gradients in non-homogeneous regions of the microstructure. κα and
Lαβ are symmetric tensors of composition-gradient energy coefficient for gradients in the cα and cβ composition fields. δαβ is the
Kronecker’s delta function. fhomogeneous describes the energy of the homogeneous region of the microstructure, and is replaced by
the CALPHAD free energy formalism for ternary system. σij and εelij are the local stress and elastic strain in the material, respectively.
In this paper, no gradients in the strain field are explicitly considered. Taking f inhomogeneous = f interface + f bulk, κα and Lαβ in a
solution of uniform composition are given by:
κα = [−2∂2f inhomogeneous
∂cα∂(∇2cα) + ∂2f inhomogeneous∂(∇cα)2 ]0 (5)
Lαβ = [∂2f inhomogeneous
∂(∇cα).∂(∇cβ) ]0 (6)
The evolution from the initially unstable mixed state to three stable phases is a highly nonlinear and complex process. The
chemical part of the free energy that is composed of the interfacial and bulk energy contributions determines the compositions and
volume fractions of the equilibrium phases. Additionally, the strain energy resulting from elastic heterogeneities affects the shapes
and configurations of the domains. For a ternary alloy, the system of kinetic equations for the evolution of the composition of species
(α = AlN,β = ZrN ) follow the two sets of kinetic equations [25, 26]:
∂cα
∂t
= ∇.(Mα∇δF tot
δcα
) (7)
∂cβ
∂t
= ∇.(Mβ∇δF tot
δcβ
) (8)
where M is the inherently positive effective rate of atomic diffusion for the species. δF
tot
δcα
is a generalized potential for the mi-
crostructural evolution and in this study it is a function of elastochemical interactions (µtot = µchemical + µelastic). Equations 7 and
8 are nonlinear with respect to the composition field, although they are linear with respect to the driving force.
2.2. Thermodynamic Model
The CALPHAD assessment of pseudoternary c-Ti1−x−yAlxZryN system has been recently carried out by Zhou et al. [20] based
on limited experimental data as well as free energies computed via ab initio calculations based on Density Functional Theory (DFT).
Although first-principles calculations predict that the final product of spinodal decomposition as c-TiN, c-AlN and c-TiZrN, the de-
composition into c-AlN-, c-TiN- and c-ZrN-rich domains has been confirmed in Ti0.30Al0.46Zr0.24N via STEM micrographs [27].
Consequently, the homogeneous c-Ti1−x−yAlxZryN alloy is regarded to be a pseudo-ternary system where the product of decom-
position consists of three species, i.e., c-TiN, c-ZrN and c-ZrN. Wang et al. [28] calculated the enthalpy, entropy, and Gibbs energy
of cubic nitrides over a wide range of temperatures by first-principles calculations. Considering the most common Redlich-Kister
(R-K) polynomial expression for a ternary single-phase disordered substitutional solution having structure ν [29], the free energy of
c-Ti1−x−yAlxZryN is expressed as a function of composition and temperature [20]:
fν(cα, T ) = N∑
α
cαG
o
α +RT N∑
α
cαln(cα) + N∑
α
N∑
β>α cαcβ
λ∑
ν=0Lναβ(cα − cβ)ν +Gxs (9)
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whereGoα is the reference Gibbs energy,R is the ideal gas constant, and Lναβ are the excess binary interaction parameters, and λ = 1
represents a sub-regular system. Gxs is a higher order interaction parameter defined as:
Gxs = N−2∑
α
N−1∑
β>β
N∑
γ>β (cαcβcγLαβγ) (10)
where Lαβγ is the excess ternary interaction parameter taken to be Lαβγ = cααLαβγ + cββLαβγ + cγγLαβγ . In this system, none of
these interaction parameters are zero. In general, when one or more of the interaction parameters (Lαβγ , Lναβ) are positive and large
compared with 2RT , repulsive interactions among species in the solution can be described. In this respect, when a binary miscibility
gap on the two edges of a ternary alloy system exists, then the gap can extend across the ternary triangle between the two edges.
The phase diagram of c-Ti1−x−yAlxZryN [20] indicates miscibility regions in all corners of the ternary phase diagram. The model
optimized thermodynamic parameters are obtained from Refs. [20, 28] and summarized in Table 1.
Table 1: The thermodynamic parameters used in the free energy model.
Parameter Ref. Unit c-TiN c-AlN c-ZrN
G0α at 298.15 ○K [28]
J.mol−1
9963 14868 6960
Hα at 298.15 ○K 19648 21381 18701∑λν=0Lναβ(cα − cβ)ν [20] 22129.97 + 5.25T + (-15.24+2.64T)(cTiN − cAlN ) 42294.19-7.76T + (6024.33+0.72T)(cTiN − cZrN ) 201137.88 - 91.53T + (143088.23 - 73.05T)(cAlN − cZrN )αLαβγ , βLαβγ and γLαβγ 9702.50+7.5T 67208.25 + 5.25T -18421.00 - 23.00T
2.3. Microelasticity: Periodic Strain Fields
Microelasticity is the regime in which a material undergoes a phase transition along with elastic interactions due to misfit strains
and inhomogeneity in elastic properties. Crystallographic misfits result in a volume change when a phase transformation, and further-
more growth, happens. The stress-free transformation strains (SFTS) that would result from unconstrained crystallographic misfits
are usually called eigenstrains, denoted by ε0ij . Therefore, the accommodation of these strains in elastically heterogeneous materi-
als, e.g. multiphase and/or polycrystalline aggregates, determines the development of elastic strain εelij and stress σij fields, and the
favorable growth regimes.
2.3.1. Kinematics and constitutive model
We assume that there is no change of macroscopic shape or volume during the phase transformation, so that the (compatible)
total strain strain field εtotij is linearly decomposed into two components,
εtotij = εelij + ε0ij (11)
where εelij and ε0ij are the position dependent elastic strain field and the dilatational eigenstrain derived from the lattice misfit, respec-
tively. The eigenstrain ε0ij for an isothermal state, over the composition domain is given by:
ε0ij(c) = N∑
α=1 εTαδijh(cα) (12)
where εTα is the lattice misfit, and h(cα) is an interpolation function taken based on Ref. [30] that interpolates the lattice misfit over
the domain. We assume that the material is governed by Hooke’s constitutive law so that the position dependent stress field σij is
then obtained according to:
σij = Cijklεelkl = Cijkl (εtotkl − ε0kl) (13)
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Here Cijkl is the composition dependent elastic stiffness tensor, and is obtained by interpolating across the unit cell through the
interpolation function g(cα) taken from Ref. [30]:
Cijkl(c) = Ceffijkl + N−1∑
α=1 g(cα) (Cαijkl(T, cα) −C0ijkl(T, c0)) (14)
where Ceffijkl represents the effective elastic stiffness tensor and is selected to be the average of elastic tensors of the product phases
of the spinodal decomposition. C0ijkl and Cαijkl, which are function of temperature and composition, represent the elastic tensor of
the reference phase and the elastic tensors of the other phases, respectively.
As the composition field is periodic, the elastic moduli and the eigenstrains are thus periodic on the material domain Ω. Therefore,
the total strain field εtotij is periodic on Ω and can be expressed as the sum of its average homogeneous strain tensorEij in the domain
Ω and the periodic fluctuation strain field ε∗ij :
εtotij = Eij + ε∗ij (15)
where Eij = ⟨{εtotij }⟩, being ⟨{⋅}⟩ = 1Ω ∫Ω ⋅ dΩ the average quantity. The position dependent compatible periodic strain field ε∗ij is
now given by:
ε⋆ij = 12⎛⎝∂u⋆i∂rj + ∂u
⋆
j
∂ri
⎞⎠ (16)
2.3.2. Static Equilibrium
Adding equation 15 in equation 13 we restate the mechanical equilibrium as:
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
∂
∂rj
{Cijkl (Ekl + ε⋆kl − ε0kl)}=0 on Ω
ε⋆kl periodic on Ω
(17)
Substituting now Eq. 14 and Eq. 12, and ε⋆ij in terms of displacement in the mechanical equilibrium equation (Eq. 17), and
considering the symmetry properties of both the elastic stiffness matrices and strains, we leads into the following equation:
[Ceffijkl ∂2∂rj∂rk ]u⋆l (r⃗) = Ceffijkl N∑α=1 εTαδkl ∂h(cα)∂rj − N−1∑α=1 (Cαijkl −C0ijkl)Ekl ∂g(cα)∂rj +
N−1∑
α=1 (Cαijkl −C0ijkl) εTαδkl ∂{g(cα)h(cα)}∂rj − [N−1∑α=1 (Cαijkl −C0ijkl) ∂∂rj (g(cα) ∂∂rk )]u⋆l (r⃗) (18)
The implicit equation shown in Eq.18 can be efficiently solved transforming it into the Fourier space and solving it through the
standard FFT based iterative solvers described by Khachaturyan [31], Mura [32], Moulinec-Suquet [33], Gururajan et al. [34], and
Lebensohn et al. [35]. In the FFT-based method the domain Ω needs to be first discretized by means of a regular grid in real space{r}. In turn, this partition of Cartesian space determines a corresponding grid of the same (element-wise) size in Fourier space {ξ}.
We can now write Eq.18 for the iteration n as:
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uˆ
⋆(n)
l (ξ) = −iξj [Ceffijklξjξk]−1 [Ceffijkl N∑
α=1 εTαδklhˆ(cα(ξ)) − N−1∑α=1 (Cαijkl −C0ijkl)En−1kl gˆ(cα(ξ))+
N−1∑
α=1 (Cαijkl −C0ijkl) εTαδklgˆ(cα(ξ))hˆ(cα(ξ)) − N−1∑α=1 (Cαijkl −C0ijkl) gˆ(cα(ξ))ξkuˆ⋆(n−1)l (ξ)] (19)
where the symbol (ˆ.) denotes the Discrete Fourier transform of the corresponding quantity andEn−1kl is the homogeneous strain field
obtained in the iterationn−1. Note that FFT based algorithms are strain-control based methods and require an imposed homogeneous
strain. Under imposed macroscopic stress Σij or imposed eigenstrain problems (i.e. Σij = ⟨{σij}⟩ = 0), the prescribed strain needs
to be controlled based on prescribed overall stress as indicated in [34, 36], and thus has to be corrected every iteration. In this work
we follow the update in the overall strain proposed by Gururajan et al. [34], so that for a given iteration n, the homogeneous strain
E
(n)
ij is prescribed as:
E
(n)
ij = Sijkl [Σkl + ⟨{σ0kl}⟩ − ⟨{σ⋆(n)kl }⟩] (20)
where Sijkl = [⟨{Cijkl}⟩]−1 is the compliance matrix corresponding to the averaged stiffness matrices of the cell and σ0kl =[⟨{Cijklε0kl}⟩] and σ⋆(n)kl = [⟨{Cijklε⋆(n)kl }⟩].
The described approach is similar to the one proposed by Gururajan et al. [34], which in this work has been extended to multiphase
problems. As in that work we assume during the first iteration∑N−1α=1 (Cαijkl−C0ijkl) = 0. The convergence of the problem is achieved
when the L2 norm of ∣∣un+1 −un∣∣ < 10−8.
2.4. Numerical Integration
In order to solve the phase field microstructural evolution problem, a semi-implicit Fourier spectral approach [37] is used
for the system of Cahn-Hilliard equations. For each iteration (i.e. at each time step), we solve the microelasticity problem for a
given composition at a given time, as described in section 2.3.In all simulations, we start with 2% initial random perturbation in
alloy composition in the simulation cell with periodic boundary conditions. The composition of the alloys that are studied, and the
corresponding metastable region in the ternary phase diagram is indicated in Table 2.
The simulations are performed in (2D) unit cells with spatial dimension of 50×50 nm and 160×160 nm. The models are dis-
cretized with 512×512 mesh points. A sensitive mesh analysis of the influence of the mesh size in the local micromechanical response
is included in Appendix A. Additionally, 3D simulations for two alloy compositions are provided in the main body of the paper—
note that he have also included further 3D simulations in Supplementary Material. The 3D simulation unit cells represent a size
of 50 × 50 × 16.6 nm, and are discretized with 128×128×30 mesh points.
The time increment in our numerical solution have been chosen as δt=2×10−4 seconds. As the simulations proceed, we track the
volume fraction of phases by approximating the number of unit cells that contain the appropriate phase, and terminate the simulations
when the change in the calculated volume fraction is less than 1%.
3. Determination of elastic parameters
3.1. Stress-free transformation strain
The quadratic fit on ab-initio-based calculated lattice parameters for c-Ti1−xAlxN and c-Zr1−xAlxN phases as a function of
Al content are shown in Fig. 1a. The figure illustrates that c-Ti1−xAlxN exhibits the most linear behaviour. This is, however, a
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Table 2: Compositions, and the respective conditions of the model
Group Case Alloy Composition Temp. (○C) Region Spinodal region type εTAlN εTZrN εTTiN
One
1 c-Ti0.71Al0.05Zr0.24N
1200
I
Positive indefinite region
Negative
Positive
0
2 c-Ti0.30Al0.46Zr0.24N II 0 Positive
3 c-Ti0.06Al0.70Zr0.24N III 0 Positive
two
1 c-Ti0.70Al0.25Zr0.05N
IV
Negative 0
2 c-Ti0.65Al0.30Zr0.05N Negative 0
3 c-Ti0.60Al0.35Zr0.05N Negative 0
4 c-Ti0.55Al0.40Zr0.05N Negative 0
5 c-Ti0.50Al0.45Zr0.05N Negative 0
6 c-Ti0.45Al0.50Zr0.05N 0 Positive
7 c-Ti0.40Al0.55Zr0.05N 0 Positive
8 c-Ti0.35Al0.60Zr0.05N 0 Positive
9 c-Ti0.30Al0.65Zr0.05N 0 Positive
10 c-Ti0.25Al0.70Zr0.05N III 0 Positive
consequence of a smaller difference between the lattice constants of c-AlN and c-TiN as compared with c-AlN and c-ZrN. The lattice
parameters of binary c-AlN, c-TiN and c-ZrN phases are also indicated in this diagram by the dashed lines. These data are the
corresponding values in room temperature.
The SFTS for the binary nitride orderings was calculated and is approximately linear in c-Ti1−xAlxN, as seen in Fig. 1b. The
resulting fit for εTα for c-Ti1−xAlxN and c-Zr1−xAlxN mixtures is shown in Fig. 1b. The sign of the SFTS changes depending on
the selection of the reference phase. The phase with the higher composition resides in the matrix, and is selected to be the reference
phase. While our phase field calculations are performed at 1200 ○C, we assumed that the misfit at this temperature is the same as in
room temperature.
(a) (b)
Figure 1: a) Lattice parameters of Ti1−xAlxN [38] and Zr1−xAlxN [39], as a function of Al content. b) Estimated SFTS values between different phases as a
function of composition.
3.2. Elastic stiffness of binary phases
The spinodal decomposition may be influenced by elastic anisotropy [40], and the hardness enhancement observed upon age
hardening relies on a shear modulus difference between the formed domains [41] as well as their coherency strain [2]. Thus, it is
of primary interest to determine the elastic properties of (c)-Ti1−x−yAlxZryN as a function of Al content (xAl), and/or Zr content
(xZr). We approximate this with the elastic properties of c-Ti1−xAlxN , (c)-Zr1−xAlxN, and (c)-Ti1−xZrxN alloys as a function of
composition and temperature.
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The ab-initio based elastic constants (C11, C12, and C44), and mechanical behaviour of (c)-Ti1−xAlxN, (c)-Zr1−xAlxN, and (c)-
Zr1−xTixN are addressed by many [5, 21, 42–47], among which the utilized ones are depicted in Fig. 2. Also, the deformation and
micromechanical response of Ti(C,N) and Zr(C,N) micro pillars have been shown to be linear elastic with a high yield strength of
14 GPa [48]. Therefore, Hook’s law should be sufficient to study the response of the nitrite systems. The elastic constants in (c)-
Ti1−xAlxN and (c)-Zr1−xAlxN solutions are based on the Al content, and in (c)-Zr1−xTixN is based on the Zr content. Figure 2.a
illustrates that (c)-Ti1−xAlxN alloys behave smoothly along the fitted line that connects the parent binary compounds, c-AlN and
c-TiN. C12 and C44 increase with the amount of Al concentration, while C11 shows a pronounced decrease.
The elastic constants (C12 and C44) of (c)-Zr1−xAlxN behave in a similar manner to (c)-Ti1−xAlxN (i.e. they increase with Al
content.). This increase is not very smooth for the case of C44 as it is for (c)-Ti1−xAlxN, however, as it sharply increases when
xAl > 0.45. On the other hand, C11 behaves differently, and it first decreases up to xAl ≈ 0.7, and then increases. There are only
a few experimental reports on the mechanical properties of (c)-Zr1−xAlxN monolithic films in the literature. In (c)-Ti1−xZrxN, the
behaviour of elastic constants (C11, C12, and C44) are provided as a function of Zr content and they show somewhat a different
behaviour. In this case, all elastic constants decrease smoothly as a function of Zr content which is different than both of the other
solutions, where at least one constant behaves in the reverse direction of the other constants. The Zener anisotropyAz = 2C44/(C11−
C12), and normalized linear compressibility Ap = C44/(C11 + 2C12) are also provided in Fig. 2 for each system.
(a) (b) (c)
Figure 2: Single-crystal elastic constants (C11, C12, and C44) of cubic (a) Ti1−xAlxN [21], (b) Zr1−xAlxN [42], and (c) Ti1−xZrxN [43] ordered structures, and
the Zeners anisotropy ratio Az as functions of composition and temperature in the three corner of the phase diagram.
4. Results and Discussions
4.1. Structural Properties and Phase Stabilities from a Thermodynamic Perspective
The important concept of intrinsic stability and the thermodynamics of systems under externally controlled thermodynamic
variables have been investigated by, among many, Gibbs, [49] Tisza, [50] Cahn, [51] Huh-Johnson [52], Yi et al. [53]. De Fontaine
[54] has shown that the stability properties can be deduced from examination of the determinant of the well-knownHessianmatrix
(H) formed from second derivatives of the free energy with respect to the concentration degrees of freedom. In a similar fashion,
Kikuchi [55] proposed a criterion based onHessian evaluation to determine first and second order transitions. In ternary systems,
thisHessianmatrix which is shown in Eq. 21 has three eigenvalues.
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⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(21)
It is well established that to have an intrinsic instability it is necessary to have at least one negative eigenvalue with respect to
infinitesimally small perturbations in the relevant degrees of freedom. If two of the eigenvalues ofH are negative for a given average
concentration (i.e. (H) is negative definite) then the ternary solution is unstable with respect to fluctuations along any direction in
composition space. The case of both eigenvalues being positive results in a stable solution. For H being indefinite, fluctuations in
some directions in composition space are unstable while the remaining directions are stable. In all selected regions (regions I, II, III
and IV) of Ti1−x−yAlxZryN, only one of the three eigenvalues is negative and alloys within these regions are unstable only along one
direction in the ternary composition triangle. The negative eigenvalues give the direction in the composition space that corresponds
to the maximal decrease of the Gibbs free energy.
Following the limit of metastability, we have spanned the chemical miscibility line around the strain, composition and temperature
space. Figure 3 shows the obtained three-dimensional phase diagram in strain-composition-temperature space for the three miscibility
gaps that are present in the corners of the ternary phase diagram. In this figure, three subsets of lines are present for constant strains
and constant temperatures indicated by vertical and horizontal lines, respectively. The blue (online) lines in each sub-figure indicate
the chemical-only miscibility, and brown lines indicate the suppressed miscibility gaps for constant strains. The brown lines are
symmetric with respect to the blue line (zero strain miscibility gap). A close look at the brown lines in Figures 3d, 3e, and 3f
reveals that a dilatational SFTS of ±0.54 suppresses the miscibility from ∼1600○C to below 1000○C in Ti1−xAlxN and Ti1−xZrxN
systems. However, it doesn’t have any noticeable effect on the metastable Zr1−xAlxN system and it only suppresses the miscibility
gap less than 100○C. This suggests that the strength of the elastic driving force is considerably less than the chemical one, and it can’t
compete with the chemical reactions to mitigate it. This is consistent with observations that show that the metastable Zr1−xAlxN
system decomposes to its equilibrium phases of c-ZrN and w-AlN [39] above 900○C. However, the predicted Zr1−xAlxN phase
diagram shown in Fig. 3c illustrates a wide miscibility gap, and predicts the decomposition pathway to c-ZrN and c-AlN phases as an
intermediate structure. This has been attributed to a large misfit strain between c-ZrN and c-AlN hindering the coherent isostructural
decomposition pathway. The large difference in lattice parameters of (c)-AlN, and (c)-ZrN is depicted in Fig. 1. We note that Sheng
et al. [39] calculated temperature-composition phase diagram for (c)-Zr1−xAlxN predicts a slightly skewed miscibility gap toward
c-AlN comparing to the phase diagram in this study.
A cubic (Fm3¯m) unit cell for TiN, AlN, and ZrN phases is depicted in Fig. 4. The lattice parameter of (c)-TiN, (c)-AlN, and
(c)-ZrN at room temperature is 4.26, 4.069 [38], and 4.61 nm [39], respectively. A wurtzite (P63/mc) structure for w-AlN is also
depicted in this figure. It is known that (c)-AlN often times transforms to (w)-AlN which is energetically more stable. Such a transition
occurs after the alloy initially undergo spinodal decomposition into coherent cubic nanometer-size domains. Figure 5a demonstrates
the sequence of phase transitions in Ti1−xAlxN and Ti1−x−yAlxZryN. This transition is experimentally validated in Ti0.5Al0.5N, and
Ti0.34Al0.66N for various ranges of compositions and temperatures. Experimental analysis by Mayrhofer et al. [56] confirms that the
(c)-Ti1−xAlxN becomes self-organized during thermal annealing treatments at elevated temperatures. On the other hand, using ab
initio-reinforced predictions, Holec et al. [18] show that the rock salt cubic structure, and wurtzite AlN structures in Ti1−xAlxN are
stable for xAl < 0.70, and xAl > 0.70, respectively. Experimental studies show that the rock salt type AlN is stable for xAl < 0.43
in Zr1−xAlxN, and further increase of Al causes change of structure to (w)-AlN. In this respect, Zr addition in Ti1−x−yAlxZryN
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Figure 3: Pseudo-binary phase diagrams on the sides of Ti1−x−yAl1−xZryN pseudo-ternary triangle. a,c) TiN-AlN b,e) AlN-ZrN c,f) ZrN-TiN. The chemical lines
shown in blue (online) are same as Ref. [20]. The elastochemical lines indicated by the brown and green indicate the effect of elastic strain on the suppression of
the miscibility gaps in strain and temperature space. Brown lines are for εTα = −0.054,−0.036,−0.018,0,0.018,0.036,0.054. The miscibility gap in TiN-AlN
system under εTα = −0.054,0.054 disappeared entirely.
system is shown to reduce or prohibit the formation of the (w)-AlN phase largely. Chen et al. [57] verifies the cubic AlN structure
for x < 0.6 − 0.7 and y ≤ 0.4 composition ranges by magnetron sputtering method. Furthermore, Fig. 5b, c, and d illustrate that the
Minimal Energy Pathway (MEP) for this structural transition may cross from two hypothetical routes where tetragonal (I 4¯mm) and
hexagonal (P63/mmc) are possible intermediate structures. We will discuss this transition in more detail in section 4.5.
(a) (b)
Figure 4: Unit cells of the (a) cubic (Fm3¯m) TiN, AlN, and ZrN versus (b) wurtzite (P63/mc) AlN ordered structures. The larger purple atoms represent Ti, Al,
or Zr, and the smaller gray atoms represent N in the structure.
4.1.1. Simulations versus experiments: Estimating the Kinetic Parameters
We modeled the microstructural evolution of thirteen (initially) homogeneous (c)-Ti1−x−yAlxZryN pseudo-ternary alloy com-
positions shown in Table 2 with cubic structure during isothermal annealing at 1200○C. These choices correspond to different ther-
modynamic conditions in different unstable regions of the ternary phase diagram of this system. The first set of three compositions
reside in regions I (TiN-ZrN mixture), II (TiN-AlN-ZrN mixture), and III (AlN-ZrN mixture) of the phase-diagram, respectively
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(a)
(b) B1 structure
Ð→ OR
(c) bct versus hcp hypothetical intermediate structures
Ð→
(d) B4 structure
Figure 5: a) The sequence of phase transition in Ti0.5Al0.5N, and Ti0.34Al0.66N as it is shown by XRD measurements in [56] above ∼850○C, comparing with
the predicted sequence of transition in Ti1−x−yAlxZryN above ∼1100○C. b, c, and d) The notion of structural transition of cubic (B1) AlN to wurtzite (B4) AlN
through hypothetical bct or hcp intermediate stages. Only one of the intermediate structures (hcp) is energetically favorable in AlN.
over a straight line with constant Zr concentration of 0.24. The second set of compositions are located in region IV (TiN-AlN
mixture) of the phase diagram. We compare the phase-field microstructure with the experimental Scanning Electron Transmission
Microscopy (STEM) results first, and then study the elasto-chemical regime of microstructure evolution for a range of Al content
in region IV of the phase diagram which seems to be a suitable region for alloy design due to lower Zr content [16, 39, 57]. We
also compared the elasto-chemical microstructure evolution regime with the conventional chemical-only microstructural evolution.
The obtained microstructures were visualized by integrating the three composition fields on one layer while the elemental map of a
selected rectangular region is indicated in the corner of each microstructure for each microstructure.
We start by comparing the implemented coupled multi-physics model with experimental microstructural information. Lind et al.
[27] shows the process of spinodal decomposition in Ti0.30Al0.46Zr0.24N samples that were prepared by the cathodic arc evaporation
approach, and deposited to obtain a coating thickness of 2 µm. The obtained substrates underwent spinodal decomposition during
annealing treatment in a vacuum chamber at an isothermal temperature of 1100○C for 2 hours. The high angle annular dark field
STEM image, and EDX elemental maps of this coating is illustrated in Fig. 6a and confirm the phase separation. The darker contrast in
the overview STEM image shows presence of (w)-AlN-rich phases. Most of the bright contrast (high Z-contrast elements) regions are
dominantly enriched in either Ti or Zr corresponding to the two cubic (Ti,Zr)N phases. Lind et al. [27] suggests this observation is due
to the incomplete sequence of phase separation into the stable phases. This is confirmed by the elemental map that is demonstrated in
the EDX elemental maps recorded for the red rectangle area of 25×75nm2. The study also confirms that slower rate of decomposition
in Ti0.13Al0.69Zr0.19N (Zr-rich sample) comparing to that of Ti0.30Al0.46Zr0.24N (Zr-poor sample) is the direct consequence of the
lower driving force for decomposition.
The predicted microstructure using the phase-field modeling is shown to the right of the experimental microstructure in Fig. 6b.
The elemental map of the selected rectangular area indicated by the yellow box is extracted from the overview microstructure similar
to EDX map in the experimental micrograph, and is represented in the corner of the phase-field overview microstructure. Similar to
STEM image, the darker contrast in the overview microstructure shows AlN rich regions, and the bright regions indicate either TiN
or ZrN. The elemental map shown in the corner of this image represents AlN, ZrN, and TiN maps indicated by white color from left to
right, respectively. The bright regions in the extracted rectangular EDX maps and phase-field elemental maps agree well. Although,
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Figure 6: (a) Elemental contrast STEM micrographs of Ti0.30Al0.46Zr0.24N annealed for 2 hours at 1100 ○C reproduced from [27] with permission, (b) com-
putational result in this work annealed for 2 hours at 1200 ○C. The bright regions in the elemental maps in the left corner of the overview images indicate the
corresponding elemental map.
phase-field elemental map provides more insight on how TiN and ZrN form and/or segregate in the microstructure.
In this respect, the sequence of phase separation is consistent with the ab-initio results reported in Ref. [27]. The phase-field mod-
eling reveal that the process of separation starts with the initial decomposition of ZrN and AlN phases, and then TiN precipitates later.
Both experimental, and computational studies clearly reveal that AlN phases precipitate as particles in the form of semi-ellipsoidal or
worm-like morphologies. During initial stages of the separation, AlN appear to form small worm-like domains that turn to elongated
structures later at the coarsening stages. It is difficult to clearly interpret the matrix phase from the experimental micrograph. On the
other hand, phase-field modeling reveals that ZrN is the matrix phase that hosts AlN as the reinforcing precipitates. Furthermore,
TiN tends to first segregate or form a very narrow region around the AlN precipitates.
The interface mobility and gradient energy coefficient (κα) are estimated by matching the overall morphology of the obtained
microstructure with the experimental STEM, and evolution time up to a reasonable coarsening, and particle size distibution. The
values are summarized in Table 3. The interfacial mobility is taken as a function of diffusivity (Mα = Dα/RT ) where Dα is the
diffusivity, andR is the gas constant. AlN diffusivity is estimated based onDAlN = 1.4×10−5exp(Q/RT ) proposed by Knutsson et
al. [58] for Ti1−xAlxN system whereQ varies between 2.4 eV and 3.2 eV. Different self-diffusion data for N and Zr diffusion inZrNx
exist in the literature [59], and the range of these data is disperse. Due to lack of sufficient diffusion data in Zr based nitirites, we
estimate the kinetic input for ZrN based on the general characteristics of the experimental micrograph in Fig. 6a. Although, M and
κα are usually a function of composition, and temperature, we used a constant parameter in the respective interfaces.
Table 3: The estimated kinetic parameters in this study by means of comparing with experimental microstructure.
Mobility matrix (Mαβ )m2.J−1s−1 κα (J.m−1) Lαβ (J.m−1)
[2.230 × 10−21 0
0 2.230 × 10−25] [6.329 × 10−166.513 × 10−16] [2.550 × 10−16 00 2.550 × 10−16]
Figure 7a and 7b compare the 3D microstrcutures of Ti0.70Al0.25Zr0.05N, and Ti0.30Al0.65Zr0.05N alloys in the case of elasto-
chemical modeling, respectively. The figure illustrates the unimodal and bimodal distribution of the particles in the first and second
alloy, respectively. AlN cuboid precipitates reside in TiN matrix in the case of unimodal microstructure, and TiN large semi-spherical
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particles along with secondary small ZrN precipitates in the AlN matrix are illustrated in this figure. The microstructural character-
istics of Ti1−x−0.05AlxZr0.05N alloys will be discussed thoroughly in the upcoming sections.
a) b)
Figure 7: 3D microstructures of a) Ti0.70Al0.25Zr0.05N and b) Ti0.30Al0.65Zr0.05N alloys. The Ti0.70Al0.25Zr0.05N contains AlN cuboid particles, and
Ti0.30Al0.65Zr0.05N represents a bimodal microstructure with large TiN semi-spheres in AlN matrix, along with the secondary smaller ZrN particles.
4.2. Phase Separation during Chemical Growth Regime
In this section, we investigate the microstructure of the pseudo-ternary Ti1−x−0.05AlxZr0.05N alloy in the TiN-AlN corner (region
IV) of the phase-diagram for a wide range of Al compositions. The two-dimensional solute distributions during chemical growth
regime at the isothermal state of 1200○C is depicted in Fig. 8. The respective change in microstructure for fixed xAl intervals, and the
local composition profile is represented by gray-scale levels. During the early stages of decomposition, the solid solution with small
composition fluctuation transforms into two-phase regions of AlN and TiN. Each phase interchanges between precipitate or matrix
depending on the value of xAl, similar to the decomposition process in binary systems. ZrN only appears as the third phase after full
decomposition of AlN and TiN phases, segregating in different locations (grain boundaries, particle, or matrix phase) depending on
the value of xAl.
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Figure 8: Comparing the microstructure of Ti1-x-0.05AlxZr0.05N alloy during annealing at T=1200○C for chemical-only simulations for 0.25 ≤ xAl ≤ 0.70 at the
same frozen time. Color map is (c)-AlN, (c)-TiN, (c)-ZrN.
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Figure 8 shows that when xAl is as low as 0.25, the microstructure is composed of semi-circular (droplet) AlN precipitates with
ZrN surrounding them and TiN residing in the matrix. A gradual increase of xAl to 0.30 changes the morphology from semi-circular
phases to worm-like precipitates. These worm-like domains turn into to bi-continuous structures aroundxAl = 0.45. Further increase
of Al composition up to xAl = 0.70 abandons the bi-continuous morphology and retains the droplet morphology again. However,
this time TiN phases precipitate in the AlN matrix.
In the Al-poor side of the miscibility gap, depending on the average AlN particular distance, and/or volume fraction, ZrN either
segregates in the grain boundaries of AlN particles (Fig. 8.a) or acts as the interconnecting phase between the AlN precipitates by
forming a worm-like morphology (Fig. 8b, c, and d). When 0.30 ≤ xAl ≤ 0.40, the structure is dominant by interconnected network
of Al- and Zr-rich phases. When xAl = 0.45 the structure appears to be bi-continuous, and ZrN only segregates in the dead end corner
of this structure. Understanding the degree of bi-countinuity requires 3D modeling to fully interpret the structure of these domains
as it is recently proposed by Kwon et al., and others [60–62]. However, we are not interested in characterization of the topology of
these structures in this study. We note that an ideal bi-continuous structure may potentially be observed in alloys with composition
xAl = 0.45.
When xAl ≥ 0.50, TiN and AlN phases switch the role in the microstructure. When xAl = 0.50, the structure is again a disrupted
worm-like morphology TiN large precipitates are distributed everywhere, and ZrN segregates inside the these precipitates rather than
forming the interconnected network of precipitates as it is for 0.30 ≤ xAl ≤ 0.40. In addition, limited number of small ZrN circular
precipitates also start to form in between the larger TiN particles in this composition. For xAl ≥ 0.65, the combinations of TiN and
ZrN particles show a bimodal distribution in the microstructure. In general, the circular precipitates tend to get smaller in the Al-rich
corner of the miscibility gap in comparison with the the Al-poor corner. This indicates that the kinetics of evolution gets slower by
increasing the Al content, due to a decrease in the chemical driving force driving the microstructure evolution. Furthermore, even
though the Zr content is constant in the selected alloy, ZrN segregates faster in Al rich side of the miscibility gap.
These computational insights provide a rigorous understanding on how the morphology changes by a slight change in xAl, and
could pave the way for proper alloy design to achieve the desired mechanical responses based on the microstructure design. The
compositional boundaries indicated here for the observed morphology may change slightly in 3D modeling. The 3D simulations for
the same conditions are provided in the supplementary document.
4.3. Phase Separation in the Elasto-chemical Regime
The process of chemical phase separation in the previous section demonstrated the alignment of AlN and TiN precipitates, like
strings of pearls, along the chemically enforced modulations. On the other hand, internal strain is an inevitable consequence of
the phase transformations in the solid state(they are usually accompanied by finite lattice deformations), and stresses have to be
considered, which may cause large deviations from chemical equilibrium [40]. Elastic interactions arising from the difference of
lattice spacing, and elastic constants between the coherent phases can have a strong influence on the process of phase separation
(coarsening) in alloys. If the elastic moduli are different in the two phases, the elastic interactions may accelerate, slow down or even
stop the phase separation process. A brief look to the elastic properties of this alloy indicated in Fig. 2 demonstrate an stiff system
with very high elastic constants inferring the necessity to take into account the elastic interactions upon phase transformations in this
system.
Figure 9 illustrates the frozen two-dimensional microstructures for the same conditions investigated in the previous section, with
the only difference being that elastic interactions are considered here. The most evident observation is that the precipitates turn to
form only in round, cube-like, or worm-like morphologies, depending on the Al content of the alloy, and ZrN does not segregate in
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Figure 9: Comparing the microstructure of Ti1-x-0.05AlxZr0.05N alloy during annealing at T=1200○C in elasto-chemical regime for 0.25 ≤ xAl ≤ 0.70 at the same
frozen time. Color map in the overview image is (c)-AlN, (c)-TiN, (c)-ZrN. The bright regions in the elemental maps in the left corner of the overview
images indicate the corresponding elemental map.
any form in Al-poor side of the miscibility gap, due to large SFTS between ZrN and AlN, and lower chemical driving force for ZrN
separation. The initial stage of phase separation is similar to the previous section. However, the growth trend changes entirely as we
observed the decomposition of AlN and TiN. This behaviour changes for the xAl ≥ 0.45 range.
For xAl = 0.25, cuboid AlN phases are observed instead of the round precipitates as illustrated in the chemical-only growth
regime in Fig. 8a. Elemental maps indicate that Zr and Ti are dispersed in the matrix together, forming a (Ti,Zr)N mixture/solid
solution. A similar microstructure is observed for the 0.30 ≤ xAl ≤ 0.35 range. The interconnected structure in the chemical-only
growth regime turns into cuboid AlN phases in a (Ti,Zr)N matrix for this range of composition, too. The generally accepted reason
for cube-like shapes of coherent secondary phases inside a matrix is the effect of anisotropic elasticity. For xAl = 0.40, the AlN
particles elongate along the elastically soft direction in the (Ti,Zr)N matrix, and form worm-like domains instead of cuboids. The
bi-countionus structure is disrupted entirely in the case of xAl = 0.45, and elongated structures happen to be present together with
small circular particles during the coarsening stages as opposed to the case of chemical-only evolution. In this case, the elemental
maps in the left corner of the microstructure reveal that the matrix phase only consists of the AlN phase. Small secondary particles
mainly contain ZrN while TiN segregates along the grain boundaries of these phases, while the larger particles are (Ti,Zr)N mixture
phases.
In the Al-poor region in the composition space the precipitates appear always as AlN domains. On the other hand, in the Al-rich
region AlN becomes the matrix phase and one can observe TiN, ZrN and/or (Ti,Zr)N precipitates, depending on the stage of the
coarsening process. In this range of compositions, during the initial transient, the fine TiN phases appear with large amounts of ZrN
present along the matrix/particle interfaces. Later, ZrN migrates into the interior region of the larger TiN particles and together form
larger (Ti,Zr)N, leading to a rapid increase in the mean radius of larger particles that exist as a (Ti,Zr)N mixture. Smaller ZrN particles
are also present in this stage where TiN is segregated in the grain boundaries. This is entirely different than what is observed in the
chemical-only phase-field modeling in the previous section. The continuous increase of xAl shown in Fig. 9f to 9j depicts a fortifying
effect in the size of the particles due to higher cooperative elastic energy which assists elemental diffusion rate. Accordingly, the
elastic energy tends to make the size of inclusions uniform. However, over the transitional competition between capillary and elastic
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interactions, the capillary interactions often become dominant. The effects of such rival/cooperative driving forces are more evident
in Al rich side of the miscibility gap. Also, the particles retain their near spherical morphology in this composition range.
In this work, we didn’t examine the stabilizing effect of elastic interactions opposing the tendency of surface energy to coarsen
inclusions at the expense of the small ones (inverse coarsening), and it is not clear whether the phenomenon originally coined by
[63] occurs in this system at all. Preliminary observations of the present simulations, however, suggest that specific particle size
distributions, and/or inter-particle distances, and coherency strain can favour locally the inverse coarsening in this multi-particle
system after decomposition finishes for a short time during growth/coarsening stage. A follow up study will be provided considering
the point that the notion of inverse coarsening [64] has been put into question in two-phase solids by the work of Onuki and Nishimori
[65].
4.4. Particle Size Distribution
During chemical-only phase evolution, an interesting deviation from unimodal phase distribution is observed. This is evident in
Fig. 8h where a bimodal distribution of particles in the microstructure is demonstrated. To be more precise, TiN precipitates with
a relatively large size, irregular shape and low number density; and secondary ZrN particles with a small size, spherical shape and
high number density are clearly seen during isothermal evolution in the Ti0.30Al0.65Zr0.05N composition. The large TiN particles are
evenly distributed in the AlN matrix with the secondary ZrN precipitates separating them. The bimodal growth behaviour reported
in this study is similar to the observed phenomena in Ni-based super alloys [66–68]. Similar to the experimental observations in
[66] that suggest there is a transition point in unimodal to bimodal growth, the phase-field studies show that the multimodal growth
in this nitride coating starts after full decomposition of TiN and AlN particles which happens during the early stages. Accordingly,
the multimodal distribution is only observed after the early stages of decomposition, although it continues throughout the coarsening
stages.
Figure 10a, and b compares an example of such bimodal microstructure in the Zr poor (y=0.05), Al rich corner (x=0.65) of
Ti1−x−yAlxZryN system with an experimental micrograph (of a completely different chemical system). The obtained phase-field
micrograph with bimodal particle distribution qualitatively matches with the bimodal distribution ofL12 (γ
′
) precipitates in FGH96
polycrystalline Ni-based super alloys used in turbine applications. Furthermore, a trimodal distribution of particles is observed
during elasto-chemical evolution (Refer to Fig. 9) in the Al-rich Ti1−x−0.05AlxZr0.05N composition. The microstructure in Fig. 9g
illustrates a single large TiN particle where its size is 251.9 nm2, secondary TiN particles with average size of ∼25.49 nm2, and fine
tertiary ZrN particles with average particle size of ∼4.37 nm2. This trimodal phase distribution can be compared with experimental
trimodal microstructure of Ni115 alloy shown in Fig. 10d. Trimodal structures have potential to achieve combinations of physical and
mechanical properties that are unattainable with the individual phases, such as strength, ductility, and high-strain-rate deformation.
4.5. Origin of Wurtzite-Rocksalt Phase Transition in AlN
The transition of c-AlN (B1 structure) into w-AlN (B4 structure) is detrimental to hardness in TM-Al-N coatings, and is associated
with different phenomena such as the transition of coherent interfaces to incoherent ones. The transformation peak is located at
1,280○C for Ti0.34Al0.37Zr0.29N, which is higher than that of the Ti0.48Al0.52N by 70○ C. The recent study by Saha et al. [69] enlightened
the hypothesis that the transformation is triggered by defects at c−{01¯1} growth fronts that offer a nearly invariant plane with respect
to the parallel w − {21¯1¯0} planes. The incoherent interfaces pave the road for strain localization, in the form of the lattice misfit
between wurtzite and rock salt phases.
Even though the mechanism by which this transformation takes place is not precisely known, the MEP for it might pass from
tetragonal phase (I4mm) (Oh → D4h) with five-fold coordinated atoms or a hexagonal structure (P63/mmc). These transition
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Figure 10: a,c) Phase-field microstructures, b,d) actual experimental microstructures. (a and b) Qualitative comparison of bimodal phase distribution in a)
Ti0.30Al0.65Zr0.05N system showing large TiN particles in AlN matrix , surrounded by small secondary ZrN phases , similar to b) L12 precipitates
(γ
′
) in FGH96 polycrystalline Ni superalloy (reproduced from [67], with permission from Elsevier). (c and d) Qualitative comparison of trimodal phase distribution
in c) Ti0.40Al0.55Zr0.05N system showing large TiN particles in AlN matrix , surrounded by small secondary ZrN phases , similar to d) L12 precipitates
(γ
′
) in a Ni115 alloy (reproduced from [66], with permission from Elsevier).
sequences are illustrated in Fig. 5b, c, and d. Despite GaN [70, 71] and lnN [72] cases which tetragonal route is preferred, ab-initio
calculations suggest that the hexagonal transition route due to shear deformation is more favorable in the case of AlN [72, 73]. Here, we
look at this transition as a mechano-chemical phase transition [74], where the high symmetry phase decomposes martensitically into
another phase with different structural variants. This is a typical solid-state displacive (diffusionless) phase transition (martensitic
transformation) that breaks crystal symmetry through the development of spontaneous anisotropic lattice strain [75]. Hence, we
assumed that the AlN structural phase transition in the nitrite coatings is a deformation-induced transformation and is driven by the
elastic instability ((C11 −C22)/2→ 0) or by lattice mode softening.
4.5.1. Adoption of an Energy Model
To remedy the onset of transformation from the thermodynamics standpoint, we consider an elastic continuum, representing a
cubic prototype phase which may deform hyperelastically into other structural forms (e.g. square to rectangular lattice (SR), rectangle
to oblique (RO), and/or square to oblique (SO) transition, etc.). A thermodynamic driving force exists for segregation by strain to
induce these structural transformations in the strain space to any of the tetragonal variants, oblique structures, and/or successive
transitions. This potential can also be coupled with composition space to cover the phase transitions in this alloy. Following Refs. [74–
80], we express a thermodynamic potential (Φ), in terms of symmetry adopted order parameters (ei) appropriate for cubic symmetry
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for a structural transition:
Φ = A(e22 + e23) +Be3(e23 − 3e22) +C(e1 −E(e22 + e23))2 +D(e22 + e23)2 +E(e24 + e25 + e26) (22)
where coefficients A, B, C, D, and E are generally function of temperature and pressure. For a fourth order free energy expansion 21
material parameters are required to interpret an energy function in the strain space [75], and this number can be reduced by results
motivated with experiments. The energy landscape for the phase transitions in this alloy system including the structural transitions
will be addressed in the future study. Here, we investigate the order parameters defined in Table 4 in terms of the linear elastic strain,
εij obtained from Eq. 11:
Table 4: Strain order parameters
3D 2D Definition
e1 = (ε11 + ε22 + ε33)/√3 e1 = (ε11 + ε22)/√2 dillation strain
e2 = (ε11 − ε22)/√2 e2 = (ε11 − ε22)/√2 deviatoric straine3 = (ε11 + ε22 − 2ε33)/√6
e4 = 2ε23
e6 = 2ε12 shear straine5 = 2ε13
e6 = 2ε12
The measures e2 and e3 are especially suited as order parameters to describe cubic to tetragonal distortions. In a 2D structure, e1,
e2, and e6 reduce to the dilatation, deviatoric, and shear strain, respectively, where e2 uniquely maps the square lattice into the two
rectangular variants (SR). The total free energy functional for such a phase transition has four minima in {e2,e3} space, one at the
origin (zero strain) corresponding to the cubic phase, and three at other strain positions representing the three variants of tetragonal
distortions. This energy model specifically gains importance when the strain energy is an important part of the total energy for a
phase transition. This model is also useful in coupling the composition and strain space (F tot(ci, ei) = f chem(ci) +Φ(ei)), and
understanding the structural transitions such as the ones that happen in many martensitic phenomena. It will be further developed to
study the evolution of weakly to moderately first-order transitions using phase-field modeling.
4.5.2. The Tendency to Transform Based on the Strain Order Parameters
Phase transformation is not only influenced by chemical driving forces, though surface energy differences (Gibbs-Thomson
effect), crystallite size and subsequent elastic strains can favor the formation of a particular phases in metastable systems. In this
section, we first study the value, and distribution of the obtained strain order parameters, and then re-investigate the Zener anisotropy
(Az) in the alloy.
Figure 11 illustrates the distribution of (e2,e6) data points in the form of blue (online) clouds extracted from the microstructures
that are demonstrated in Fig. 9. The spatial distribution of the values of e2 and e6 in the domain depicts an overall shear to deviatoric
ratio (e6/e2) for a given microstructure which can be further utilized to interpret the tendency of a given domain to structurally deform
to other crystallographic structures. Accordingly, the strain cloud in Fig. 11 infers that the e6/e2 ratio increases by increasing the Al
content in the microstructure.
On the other hand, a strain threshold in {e2, e6} space is taken to distinguish the cubic region in the center of the plot from the
rest of the strain space. The black circles drawn in the center of the clouds in Fig. 11 determine the border of this region. In this area,
the fluctuations in the strain space are assumed not to cause any structural phase transition, and the cubic structure would preserve
its integrity. Outside this region, however, the strains tend to deform the cubic phase into other structural variants such as bct, and/or
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(a) xAl=0.25 (b) xAl=0.30 (c) xAl=0.35 (d) xAl=0.40 (e) xAl=0.45
(f) xAl=0.50 (g) xAl=0.55 (h) xAl=0.60 (i) xAl=0.65 (j) xAl=0.70
Figure 11: The distribution of (e2,e6) points for the given microstructures in Fig. 9 indicating the tendency of deviatoric and/or shear strains to transform the cubic
structure to other structural varients.
wurtzite.
An increase in the e6/e2 ratio outside the defined cubic region infers that the microstructrual redistribution of phases, particular
distances, elastic properties, and/or other factors which affect the strain cloud tend to increase the chance of structural transition
from cubic phase to wurtzite phase. While the ratio is 0.7526 for xAl = 0.25, it increases to 1.5746 for xAl = 0.70 in these plots,
suggesting an increase in the shear strain order parameter as Al increases in the microstructures. We interpret this with the tendency
for structural deformation, which is in accordance with the experimental [57] observations, and the ab-initio calculations [42, 72, 73].
The schematic plot in the interior left corner of Fig. 12 depicts the interplay between the strain order parameters in {e2, e6} space, and
their role in SR, SO, and RO transitions. The increase in e6/e2 ratio is not smooth, and it declines slightly for 0.45 ≤ xAl ≤ 0.55 range
and it increases again as indicated in Fig. 12. This later observation is also consistent with the experimental study of Chen et al.[57]
that suggested a high hardness values of ∼40 GPa over the elevated temperature range of 700-1100 ○C in Ti0.40Al0.55Zr0.05N alloy.
They attribute this prominent hardness results to the capability of the alloy in maintaining more cubic AlN phases, and retarding the
formation of wurtzite AlN.
As discussed above, the elastic constants soften non-uniformly with temperature, and both Zener anisotropy (Az), and compress-
iblity (Ap) factors increases non-linearly with Al content, and temperature; though Zr addition reduces this effect to some extent.
Elastic isotropy (Az = 1) only occurs at xAl = 0.25, and T ≈ 300○C in the Ti1−xAlxN system. Similarly, it occurs at xAl = 0.50,
and T ≈ 260○C in Zr1−xAlxN system. The slope of Az factor is significantly higher than the slope of Ap. Az/Ap ratio is higher
than 2 for Al content over 0.75 indicating a severe transformation tendency. Due to high elastic mismatch between ZrN and TiN/AlN
phases, large deviations from the chemical-only regime is viable for ZrN phases. Also, upon confronting sufficient strain at the c-
AlN interfaces, when the strain corresponds to the Bain strain, the necessary condition to trigger the cubic→wurtzite cell transition
occurs.
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Figure 12: e6/e2 ratio versus the change in Al content in Ti1−x−0.05AlxZr0.05 alloy for determining the Cubic → wurtzite transformation tendancy based on Al
content, and the respective change in the microstructure.
5. Conclusions
While material property predictions based on multi-phase-field microstructural modeling and density functional theory (DFT)
calculations have been shown to be valuable in guiding materials design efforts, an honest appraisal of the predictive capabilities
regarding metastable phase formation is a sobering experience, but useful to try. In this respect, here we have studied the microstruc-
tural aspects and high temperature annealing properties of quaternary (pseudoternary) metastable (c)-Ti1−x−yAlxZryN system with
NaCl cubic (c) structure at 1,200○C with a phase-field model where the free energy functions were given by CALPHAD expressions,
and the atomic mobilities were parameterized using the available experimental observations. Both free energy functions and atomic
mobilities were considered experimentally validated. In this work, we studied the high temperature elasto-chemical behaviour of
TiAlZrN system by the application of microelasticity theory extended to study diffusional growth problems of elastically misfitting
phases. We showed that the morphology, and growth depends on (i) chemical driving force, (ii) misfit strain, (iii) the elastic modulus
of constituent phases, and subsequent (iv) stresses.
Shape instabilities are observed for growing precipitates in different compositions. Particle shape transitions with symmetry
reduction, sphere, and cuboids are observed for a wide range of Al compositions. In general, by decreasing Al content in region IV
of the ternary phase diagram by means of appreciable lattice mismatch and coherency strain, the particles may evolve from randomly
distributed spheres to sharply aligned cubes and rods as composition changes. For high Al systems that form mixed TiN, and ZrN
precipitates, the matrix is sheared but the precipitate are not, so the sphere is a good (low-energy) configuration when the matrix is
more flexible. Bimodal phase growth is observed in high Al (xAl ∼ 0.65) region of Ti1−x−0.05AlxZr0.05N system which can enhance
the mechanical properties significantly. Trimodal growth is observed when elasto-chemical interactions get more important in high
Al coating system. These observations are similar to the experimental observations in Ni super alloys.
Theory and simulation are combined to describe the effect of elastic strains, and the role of microstructure on the onset of cubic
AlN transition to wurtzite structure in TMNs. Assuming strains have a significant role in this transition, strain order parameters are
utilized to study the tendency of obtained microstructures in inducing this phase transition. It is shown that the shear strain gains
more importance in the microstrurue as Al content increases paving the road for cubic→wurtzite transition. Age hardening effect in
Ti1−x−yAlxZryN coatings has a direct relationship with Al and Zr content. As a guideline, a better age-hardening property may be
21
achieved around 0.40 ≤ xAl ≤ 0.55 where the higher anisotropy due to the high Al content is balanced by Zr addition, and resulted
in more elongated Al- and Ti-enriched domains.
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Appendix A. Benchmark microelasticity: Numerical vs analytical solution
The numerical test of the Fourier spectral solver for the microelasticity problem, and comparison with the analytical solution
is provided here. The analytical solution for only specific particle shapes are available in the literature (when the interface is sharp)
[32]. Here, we compare the numerical solutions for the normalized principal stress components as a function of normalized distance
from the centre of a circular (cylindrical inhomogeneous precipitate) inclusion. The effect of the domain size and discretization is
also investigated for further optimization of the accuracy of the solver with computation cost.
The principal stress components (normalized by C44εT ) as a function of normalized distance (r/R) from the centre of a circular
precipitate along the x-axis is shown in Fig. A.1a and A.1b. The precipitate is softer than the matrix phase and the materials are
elastically isotropic (Az = 1) where the elastic constant contrast between the inclusion and matrix is 50%. This is a sufficiently large
difference comparing to typical two-phase systems. The eigenstrain (εT ) value in the particle and matrix is taken to be 0.01 and 0,
respectively. The radius of the particle in the center is taken to be 0.1 of the width of the square domain. The corresponding analytical
solutions are also shown (using plus markers) for direct comparison. σs11 is continuous throughout the particle-matrix interface, and
σs22 is discontinues at this interface. In addition, the mean absolute relative error between the mesh size of 1024 and 512 is 0.0083
for σs11 values and 0.0047 for σs22 values. Table A.1 summarizes the relative errors between different mesh sizes that are used in
benchmarking with the reference mesh size (1024).
(a) (b)
Figure A.1: Benchmark result for a circular inclusion in a square domain for different mesh sizes. The figures illustrates the normalized analytical [32] and numerical
solutions of stress components σs11 and σ
s
22 as a function of normalized distance (r/R) along the x-axis. The length is normalized by R, the precipitate radius, while
the stress is normalized by the characteristic stress C44εT . Different domain discritization (1024, 512, 256, and 128) are carried out to test the accuracy of the
solver.
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Stress Mesh size Ref. mesh size Mean absolute relative error
σs11
512
1024
0.0083
256 0.0380
128 0.1254
σs22
512 0.0047
256 0.0408
128 0.0707
Table A.1: The mean absolute relative error between different discretizations and the reference mesh size (1024).
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Supplementary Results
In addition to the results in the body of the paper, the supplementary results are provided in this section. The results are provided
in the below order:
• Evolution of the microstructure of Ti1−x−0.05AlxZr0.05N for 0.25 ≤ xAl ≤ 0.45 range (Refer to Fig. S1).
• Evolution of the microstructure of Ti1−x−0.05AlxZr0.05N for 0.50 ≤ xAl ≤ 0.70 range (Refer to Fig. S2).
• 3D microstructure of Ti1−x−0.05AlxZr0.05N system for 0.25 ≤ xAl ≤ 0.70 range during chemical growth (Refer to Fig. S3).
• 3D microstructure of Ti1−x−0.05AlxZr0.05N system for 0.25 ≤ xAl ≤ 0.70 range during elastochemical growth (Refer to
Fig. S4).
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Figure S1: Evolution of the microstructure of Ti1−x−0.05AlxZr0.05N system for different Al content during annealing at T=1200○C. Micrographs in each column
do not correspond to the same time. Each row correspond to an specifc Al composition shown to the left of each set. The evolution of the microstructures over time
demonstrates that AlN and TiN phases segregate first, and ZrN appears later.
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Figure S2: Evolution of microstructure of Ti1−x−0.05AlxZr0.05N system for different Al content during annealing at T=1200○C. Here, each column correspond to
the same time, and each row correspond to an specific Al composition shown to the left of each set. The evolution of the microstructures over time demonstrates
that AlN and TiN phases segregate first, and ZrN appears later in xAl ≤ 0.65 range. In the case of xAl = 0.7, ZrN segregates first in the AlN matrix and TiN forms
in the grain boundaries of ZrN.
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(a) xAl = 0.25 (b) xAl = 0.50
(c) xAl = 0.30 (d) xAl = 0.55
(e) xAl = 0.35 (f) xAl = 0.60
(g) xAl = 0.40 (h) xAl = 0.65
(i) xAl = 0.45 (j) xAl = 0.70
Figure S3: 3D topological distribution of the interfaces for different Al content in Ti1−x−0.05AlxZr0.05N for 0.25 ≤ xAl ≤ 0.70 range during chemical-only
regime.
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(a) xAl = 0.25 (b) xAl = 0.50
(c) xAl = 0.30 (d) xAl = 0.55
(e) xAl = 0.35 (f) xAl = 0.60
(g) xAl = 0.40 (h) xAl = 0.65
(i) xAl = 0.45 (j) xAl = 0.70
Figure S4: 3D topological distribution of the interfaces for different Al content in Ti1−x−0.05AlxZr0.05N for 0.25 ≤ xAl ≤ 0.70 range during elastochemical
regime.
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